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Summary: The aim of this paper is to clarify the use of terminology and notation used in the analysis of aerosol particle sizing, 

nanoparticle suspensions and nanoparticle powder on the basis of the log-normal distribution. The connection between the log-noma1 

distribution and the normal distribution is shown; the mathematical basis for the both distributions is presented.  
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1. NORMAL DISTRIBUTION 
 

A continuous random variable X is a variable which can take any real value within a certain range. Individual 

measurements of this variable are usually denoted by the corresponding lower case letter x. For a continuous variable X, 

the probability that X is exactly equal to a particular value is zero, i.e. 0)()(  aXPa . For a continuous variable 

we can only talk about the probability that an event lies in an interval, and: 

 )()()()( bXaPbXaPbXaPbXaP  . [21] 

The Normal distribution is a continuous theoretical probability distribution and, probably, the most important 

distribution in Statistics. Normal Distribution is a descriptive model that describes many real world situations and is 

widely used in the all fields of science. They are the most important probability distributions in statistics and can be 

used to approximate other distributions, such as discrete binomial distributions. The most important application of the 

normal distribution lies in the Central Limit Theorem. This theorem states that no matter what type of distribution a 

population may have, as long as the sample size is at least 30, the distribution of sample means will be normal. If the 

population is itself normal, then the distribution of sample means will be normal no matter how small the sample is. 

This phenomenon is best understood when observing the probability density function (PDF) of the Normal distribution.  

A random variable X is said to have a normal (or Gaussian) distribution with parameters  and ,  

where -  <  <  and  > 0, with probability density function 

2
)(

2

1
2

2

1
)(









x

exf for  x , 

where  = 3.14159… and  e = 2.7183...  (see figure 1).  

The PDF is in fact the equation of a curve that represents the relative frequency or frequency density of occurrence of 

values of a random variable between given limits. A PDF encloses a total area of 1 so that it can be used to calculate 

probabilities by mere integration. The Normal distribution is completely characterized by its two parameters μ and 
2 its mean and variance respectively, hence the notation ),( 2NX  .   

The mean of the distribution determines the location of the center of the graph, and the standard deviation determines 

the height and width of the graph. When the standard deviation is large, the curve is short and wide; when the standard 

deviation is small, the curve is tall and narrow. All normal distributions look like a symmetric, bell-shaped curve, as 

shown below. The Normal curve is symmetrical about the line x = μ and bell-shaped. Since a normal variable assumes 

values ranging from -  to  , its curve is asymptotic to the x-axis, that is, the normal curve keeps on approaching the 

x-axis without touching it at its ends, known as the lower and upper tails. The diagram below is a representation of the 

normal curve:[22] 

 

 
Figure 1: Graph of density function for normal distribution 
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Properties of the Normal Model with effects of  and  are shown on the following figures (Figure 2.a. Identical means 

but different standard deviations, Figure 2.b. Different means but identical standard deviations, Figure 2.c. Different 

means and different  standard deviations) 

     
 Figure 2.a     Figure 2.b     Figure 2.c 

 

Additionally, every normal curve (regardless of its mean or standard deviation) conforms to the following "rule 68-95-

99.7 ". 

 About 68% of the area under the curve falls within 1 standard deviation of the mean,  

P[ µ - σ < X ≤ µ + σ ] = 0.6826 = 68.26%. 

 About 95% of the area under the curve falls within 2 standard deviations of the mean, 

P[µ – 2σ < X ≤ µ + 2σ] = 0.9544 = 95.44% 

 About 99.7% of the area under the curve falls within 3 standard deviations of the mean, 

P[µ – . 

Clearly, given a normal distribution, most outcomes will be within 3 standard deviations of the mean. 

Because every normal distribution can be transformed to the standard normal distribution, you can use z-scores and the 

standard normal curve to find areas (and therefore probability) under any normal curve. There are infinitely many 

normal distributions, each with its own mean and standard deviation. The normal distribution with a mean of 0 and a 

standard deviation of 1 is called the standard normal distribution. The horizontal scale of 

the graph of the standard normal distribution corresponds to scores.  

If ),( NX  and if 





X
Z  then )1,0(NZ  .  

A normal distribution with  = 0 and  = 1, is called the standard normal distribution (see figure 3). 

)()( zZPxXP 
 
 

       
Figure 3. Standard and Cumulative normal distribution [22] 

 

A probability is a number expressing the chances that a specific event will occur. This number can take on any value 

from 0 to 1. A probability of 0 means that there is zero chance that the event will occur; a probability of 1 means that 

the event is certain to occur. Numbers between 0 and 1 quantify the uncertainty associated with the event. Its probability 

density function is 
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A cumulative probability is a sum of probabilities. In connection with the normal distribution, a cumulative probability 

refers to the probability that a randomly selected score will be less than or equal to a specified value, referred to as the 

normal random variable (see figure 3). 

 

 

2. LOGNORMAL DISTRIBUTION 
 

A lognormal distribution has two distinct properties: it is always positive (bounded on the left by zero), and it is skewed 

to the right (see figure 4). The lognormal and normal distributions are related: if a random variable X is lognormally 

distributed, then its natural log, ln(X) is normally distributed. (Thus the term "lognormal" - the log is normal.)  
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The log-normal distribution is a function distributing a dependent variable in a normal or Gaussian fashion on a 

logarithmic scale of the independent variable. This function has been used for a long time to describe size distributions of 

particle properties in atmospheric aerosols. A distribution that is log-normal in one of its moments will be log-normal in 

any of its moments with the same geometric standard deviation, describing the spread of the dependent variable. The 

median diameter of the distribution of any moment is equal to the corresponding geometric mean diameter, and is related 

to the integral of that moment by a simple factor.  [17] 

 
Figure 4. Typical lognormal distribution 

For a monodisperse aerosol, a single number—the particle diameter—suffices to describe the size of the particles. The 

frequency function is:[19] 

pp dddfdf )(  

Where pd is the physical (or geometric ) diameter of the particles - if the particle is spherical the meaning of this 

parameter is obvious, otherwise it does not have a precise meaning-, 

df is the fraction of particles having diameters between pd  and pp ddd   . 

Therefore, the area under the frequency curve between two sizes a and b represents the total fraction of the particles in 

that size range: 
b

a

ppab dddff )(  

The normal distribution usually does not suitably describe particle size distributions in aerosols because of 

the skewness associated a long tail of larger particles.  

A more widely chosen log-normal distribution gives the number frequency as:  

p

dd

ddedf

pp

2

2

2

)(

2

1 







,  

where:

 

  is the standard deviation of the size distribution and pd  is the arithmetic mean diameter.  

The log-normal distribution has no negative values, can cover a wide range of values, and fits many observed size 

distributions reasonably well.  

 

2.1. Aerosol and nanoparticle lognormal distributions 
 

Because the properties of particles with respect to each of these issues are strongly affected by particle size, many 

instruments have been developed to measure the concentration of particles (e.g., number, mass, or chemical species 

concentration) as a function of particle size.[20] 

Many properties of aerosol particles and nanoparticles depend on their size and most aerosols have log-normal size 

distributions. Common types of size distributions 

– Number (number of particles of given size) 

– Mass (or Volume) 

– Surface Area. 

On the figure below (see figure 5) is shown the normal distribution of atmospheric aerosols which are not very common 

(see figure 5 on the left), and lognormal distribution which appears as a normal distribution when x-axis is plotted on log 

scale(see figure 5 on the right): 

 

http://en.wikipedia.org/wiki/Aerosol#cite_note-11
http://en.wikipedia.org/wiki/Normal_distribution
http://en.wikipedia.org/wiki/Skewness
http://en.wikipedia.org/wiki/Log-normal_distribution
http://en.wikipedia.org/wiki/Standard_deviation
http://en.wikipedia.org/wiki/Arithmetic_mean
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Figure 5. Aerosols normal and lognormal distribution 

 

Atmospheric aerosol size distributions show modal structure and can be represented best by a lognormal size distribution 

function.  

The aerosol lognormal number size distribution, expressed as the number of particles per logarithmic size interval, can be 

represented as  
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where pd  being particle diameter, g being the geometric standard deviation of distribution, gN being the number-

median diameter, and 0mF being the number concentration at the diameter gN .  

The geometric mean ga of a number, n, of quantities ia  is defined by the relation: 

n

ng aaaa /1

21 )...(  . 

The log normal distributions for aerosol population can be given in terms of the number concentration, surface 

distribution or volume distribution.  

Assuming spherical particles, the total particle surface S, can be written as a function of parameters of number-size 

distribution  
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The total particle volume V, can be written as a function of parameters of number-size distribution on the following way  
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However, the total number, N, and the geometric number mean radius, pd , are very poor indicators of mass and light 

scattering properties of a given size distribution. At the same time, the total volume, V, and the geometric volume mean 

radius, are very good indicators of mass and light scattering. 

The log normal distributions are best suited to describe the aerosol population and nanoparticle size distribution and 

hence it is widely used for aerosol and nanoparticle studies. Many investigators, [18] have used cumulative plots on log 

probability paper for presenting atmospheric size distributions of aerosol mass measured by cascade impactors. A straight 

line is then drawn through the points (usually only four to six in number) and a geometric mean and standard deviation 

obtained for characterizing the distribution. 

Figure 6 is a plot on log probability, and it is apparent that the distribution is not log normal. If it were log normal, the 

number, surface, and volume weightings would be parallel straight lines. 

 

 
Figure 6. Cumulative number, surface, and volume distributions which are definitely not log-normal [18] 
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In the research connected to nanoparticle synthesis, characterization and application, determination of aerosol and particle 

size is always one of the main topics. There are various instruments for measurement of nanoparticles in aerosol, 

suspension or dry powder form. All of them have certain advantages and specific limitations. Those instruments are 

usually equipped with various software for processing of measured data and are offering several presentation of particle 

size distribution. As explained in this paper, the optimal particle size distribution for real systems is lognormal 

distribution. Here are presented results of measurments of droplet size distribution in one aerosol and nanoparticle size 

distribution in one suspension. For the aerosol based synthesis methods are both, droplet and particle size important since 

particle size is directly proportional to droplet size [21]: 
3/1
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      (cpr: precursor concentration, Mp: powder molecular weight, ρp: powder density, Mpr: precursor molar mass, D: 

droplet size) 

Droplet size distributions were measured without dilution of the aerosol and at same atomization and carrier gas 

parameters like in the synthesizing process parameters. For those investigations a laser diffraction system (Malvern 

Spraytec) equipped with a 300 mm focusing lens was used. Size measurement by laser diffraction is based on the size 

dependent scattering angle of light at a droplet or particle and therefore the scattering signal from the aerosol is detected 

in order to determine the droplet size distribution. All experiments were conducted with using ultrasonic atomizers 

(GAPUSOL 9001, RBI; France), one with 0,8 MHz and another with 2,5 MHz operating frequency. Solutions were 

prepared in different concentrations; carrier gas (N2) flow rate was changed to test the influence of flow rate. In some 

experiments surface active additives were added to precursor solutions to test influence of physical properties of solution 

(surface tension and density) on droplet size distribution. Some of the experimental results are presented (see Fig. 7). 
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Figure 7: Influence of physical properties of solution on particle size (right) and Influence of ultrasonic frequency and 

concentration of solution od droplet size distribution [22] 

 

Second example for lognormal application is one of actual research of this study group related to modeling of synthesis 

process of silver nanoparticles. In the scope of this project the Microtrac Wave device was used for measuring a particle 

size distribution for suspension of silver nanoparticles. The measurement principle of Microtrac Wave is based on DLS 

(Dynamic Light Scattering) and it is using heterodyne set-up (mixing the original laser light into the scattered light is like 

amplifying the scatter signal).  For processing of measured data the software package for particle size distribution Flex 

11.0 was used. In the scope of the research, over sixty experiment of synthesis of silver nanopowder was conducted, 

under different experimental parameters. For all nanopowder the size distribution was determined, since it is one of the 

main characteristic of nanoproduct (next to morphology and chemical composition). Number, volume and area lognormal 

size distribution was determined for all samples. In order to have optimal compare with SEM/TEM image analysis, 

number distribution was chosen as relevant one.  Some of the experimental results are presented (see Fig. 8 and Fig. 9). 

           
Figure 8. Flex 11.0 software and tabulation of part of experimental results 
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Figure 9. Nanotrac Analysis Option: Lognormal size number distribution for an aerosol model 

 

For each of over sixty samples, seven measurement repetitions were done. Each measurement last 30 seconds and all 

measurements are saved separately. At the end it is possible to compare all plots or to use the average values of those 

seven measurements. In Fig. 9 it is to see that each of the samples has specific shape of the particle size distribution. In 

conducted research the main criteria for description of particle size distribution were taken median number diameter and 

standard deviation. Those two values were used in further research for validation of the process and produced powder. 

 
 
CONCLUSION 

 
The purpose of this paper is to clarify math terminology used in the analysis aerosol and nanoparticles size data in the 

research projects connected to synthesis, characterization and application of nanoparticles. In this purpose were used the 

measurements of  the series of experiments which are realized on the device Microtrac Wave based on DLS (Dynamic 

Light Scattering) supported with software Flex 11.0 and measurements of droplet size distribution measured by the laser 

diffraction system (Malvern Spraytec). Examples of the approximation of the aerosol and nanoparticles size distributions 

are given here by using data from a set of more of 60 aerosol size distribution profiles measured during the experiment 

that took place at the Institute for Process Metallurgy and Metal Recycling (IME), RWTH Aachen University, Germany, 

during 2013. In most of the nanoparticles and aerosol research projects droplet and particle size distribution is one of the 

crucial criteria for characterization and valuation, and from this reason right understanding of measuring data has very 

high importance.  

 

  

REFERENCES 

 
[1] http://dust.ess.uci.edu/facts/psd/psd.pdf  

[2] http://www.atm.ox.ac.uk/user/grainger/research/aerosols.pdf  

[3] http://cires.colorado.edu/jimenez/AtmChem/SP_7. 

[4] http://poincare.matf.bg.ac.rs/~v_jevremovic/atlas.pdfpdf  

[5] http://dust.ess.uci.edu/facts/psd/psd.pdf  

[6] http://ijset.com/ijset/publication/v2s4/paper13.pdf  

[7] http://www.vias.org/simulations/simusoft_cenlimit.html  

[8] http://stat.ethz.ch/~stahel/lognormal/lnboard/brochure.html  

[9] http://www.mathsisfun.com/data/standard-normal-distribution.html  

[10] http://www.mhnederlof.nl/lognormal.html  

[11] http://www.math.uah.edu/stat/applets/SpecialCalculator.html  

[12] http://www.math.uah.edu/stat/applets/SpecialSimulation.html  

[13] http://www.engineeredsoftware.com/lmar/lognormal.htm 

http://dust.ess.uci.edu/facts/psd/psd.pdf
http://www.atm.ox.ac.uk/user/grainger/research/aerosols.pdf
http://cires.colorado.edu/jimenez/AtmChem/SP_7.pdf
http://poincare.matf.bg.ac.rs/~v_jevremovic/atlas.pdfpdf
http://dust.ess.uci.edu/facts/psd/psd.pdf
http://ijset.com/ijset/publication/v2s4/paper13.pdf
http://www.vias.org/simulations/simusoft_cenlimit.html
http://stat.ethz.ch/~stahel/lognormal/lnboard/brochure.html
http://www.mathsisfun.com/data/standard-normal-distribution.html
http://www.mhnederlof.nl/lognormal.html
http://www.math.uah.edu/stat/applets/SpecialCalculator.html
http://www.math.uah.edu/stat/applets/SpecialSimulation.html
http://www.engineeredsoftware.com/lmar/lognormal.htm


   SED 2013                                 04-05 October, Uzice, Serbia                
 

 

2-34 

 

[14] http://mips.stanford.edu/courses/stats_data_analsys/lesson_2/234_2_g.html 

[15] http://stat.ethz.ch/~stahel/lognormal/bioscience.pdf 

[16] http://onlinestatbook.com/2/calculators/normal_dist.html 

[17] J. HEINTZENBERG, Properties of the Log-Normal Particle Size Distribution, Aerosol Science and Technology,  

Vol. 21, Iss. 1,  21:1, 46-48, DOI:10.1080/02786829408959695, 1994 

[18] K.WILLEKE & K. T. WHITBY, Atmospheric Aerosols: Size Distribution Interpretation, Journal of the Air 

Pollution Control Association, 25:5, 529-534, DOI: 10.1080/00022470.1975.10470110, 1975 

[19] http://en.wikipedia.org/wiki/Aerosol 

[20] PETER F. DECARLO , JAY G. SLOWIK , DOUGLAS R. WORSNOP , PAUL DAVIDOVITS & JOSE L. 

JIMENEZ, Particle Morphology and Density Characterization by Combined Mobility and Aerodynamic Diameter 

Measurements, Part 1: Theory, Aerosol Science and Technology, 38:12, 1185-1205, DOI: 

10.1080/027868290903907, 2004 

[21] www.haesemathematics.com.au/samples/ibssl-3_10.pdf 

[22] http://pages.intnet.mu/cueboy/education/notes/statistics/normaldist.pdf 

[23] http://esminfo.prenhall.com/samplechps/larson/pdfs/ch05.pdf 

 

http://mips.stanford.edu/courses/stats_data_analsys/lesson_2/234_2_g.html
http://stat.ethz.ch/~stahel/lognormal/bioscience.pdf
http://onlinestatbook.com/2/calculators/normal_dist.html
http://www.tandfonline.com/doi/abs/10.1080/02786829408959695
http://www.tandfonline.com/toc/uast20/21/1
http://en.wikipedia.org/wiki/Aerosol
http://www.haesemathematics.com.au/samples/ibssl-3_10.pdf
http://pages.intnet.mu/cueboy/education/notes/statistics/normaldist.pdf
http://esminfo.prenhall.com/samplechps/larson/pdfs/ch05.pdf

